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Introduction

THE analysis of far-wake vorticity effect is essential in the
problem of three-dimensional lifting surfaces. This task is

greatly simplified in Prandtl's lifting-line theory in which the
bound vortices on the wing are replaced by a line of
singularity.1 A restriction in Prandtl's work, as well as the
more systematic, asymptotic theory2'3 is that the wing cen-
terline (a reference curve in the theory) is required to be
straight and unswept (being perpendicular to the main flow).
The present study considers extensions of this approach to
planar wings involving swept and curved centerlines.
Oscillating high-aspect-ratio wings with curved centerlines
have been treated by the author in Ref. 4; however, upwash
calculation for the low-frequency and quasisteady cases were
not given, and the formal inner solution presented therein is
incomplete (see following). The primary purpose of this Note
is to bring out certain distinct features of such a theory,
concentrating on the development for an oblique wing in a
steady incompressible potential flow (of which the centerline
may be taken as being straight). A comparison with exact
solutions and results from other methods will be made. A
fuller version of this work is found in Ref. 5. Extensions to
oblique wings with transonic component flow6 and to
planforms with curved centerlines in the steady and unsteady
cases are treated in separate works.

In the following analysis, two right-handed Cartesian
systems are used. The (x,y,z) system is one with the x axis
parallel to the freestream and the z axis along the lift direc-
tion. The second system (xf ,y' ,z') is generated from the first
by a rotation about the z axis (Fig. 1).

x' =cosAx — sinAy, yf =sinAjc+cosA>>, z' =z (1)

Note that the wing plane lies in z = z' =0, and that A is the
sweep angle. Variables x' and z' will be normalized by the
root chord c0 (measured along the Jt'axis); y' , along with xfy,
and z, normalized by the half-span b. The primed system is
employed to describe the inner region near the wing section
and the unprimed one for the outer region. The analysis will
employ an aspect ratio fol=2blcQ\ later, an aspect ratio
based on unyawed quantities AL0 = 2t/c0=AHj secA is also
used, where 2£ is the distance from tip to tip. Let the
freestream velocity be U, and the parameter controlling
camber and incidence be e. The wing (camber surface) or-
dinatezw, normalized by ec0, is written as Z ( x f ,yr).

The perturbation potential 0 of the full linearized problem
must satisfy the Laplace equation in x,y, and z, being regular
everywhere except in approaching the wing and the trailing
vortex sheet; it must also vanish at infinity except near the far
wake. In approaching the wing, the impermeability condition
(applied to upper and lower surfaces) is

(2a)

and in approaching the trailing vortex (TV) sheet, the
continuity of pressure and normal velocity requires
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Fig. 1 Two coordinate systems and characteristic length scales.

ld<f>/dx\TV= (2b)

where the subscripts w and TV signify the wing and the
trailing-vortex sheet, respectively, and the double bracket [[
] stands for differences across the wing or the TV sheet. The
velocity is allowed to be unbounded at the leading edge but
must be integrable; the pressure or <t>x on the wing is required
to remain bounded at the trailing edge so that the Kutta
condition is satisfied.

Inner Problem
The linearized problem under a small e admits a

development for high aspect ratio (for finite x' ,y' y z ' )

(3)

allowing a weak logarithmic dependence of </>/ and c/>2 on M} .
The first two terms satisfy the two-dimensional Laplace
equation in x' and z' . The conditions on the wing and the
vortex sheet, Eqs. (2), through the transform Eq. (1), yield

(d<i>0/dz')w=dZ/dx' (4a)

(4b)

(d<t>1/dz')w=2mdZ/dy' (5a)

H d<t>,/dx'l Ty+2m [ d<l>0/dy'] TV= I d<t>,/dz'] Tv = 0 (5b)

where m = tanA, and 2m^Ld<f>0/dyt'\Ty results from the
component of trailing vorticity parallel to the centerline.

The solution 00 satisfying conditions of Eqs. (4), fulfilling
the edge conditions mentioned, yielding a zero disturbance
velocity at large x' 2 +z'2 , is provided by the classical two-
dimensional thin airfoil theory. As is well known, the vorticity
strength [[ d<t>0/dxfj on the wing is a solution to the integral
equation

7 (•*'
— P.V.\
2ir Jar

dx'
- —— 7x,-x

3
7-7
dx

a' <x' <b' (6)

where P.V. signifies the Cauchy principal value; a' and b'
locate the leading and trailing edges, respectively.

The solution 07 that meets the same edge singularity
requirements and allows matching with the outer solution can
be obtained»as the sum

(7)

where V°f is an anticipated upwash correction to be deter-
mined by matching later; <pp is a (particular) solution
satisfying the (nonhomogeneous) TV boundary conditions in
Eq. (5b), and ^ is a (wakeless) two-dimensional thin airfoil
solution with its wing upwash so chosen to make (/>/ fulfill Eq.
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(5a). The solution <pp can be obtained as

(8)

where R.P, signifies the real part; f is the complex variable
x' + iz' , Wis the complex potential <t>0 + ty0; <?% is a wakeless
harmonic function (not considered in Ref. 4) needed to keep
(f>p , hence </>/ , from becoming more singular than <f>0 at the
edges (see following). To fulfill Eq. (5a), the jump in d<p/dx'
across the wing must satisfy the same integral equation as Eq.
(6), with the right-hand side replaced, however, by

V, = 2mdZ/dy' +2mx'd2Z/dy'dx' -

(9)

together withIn the absence of the Kutta condition, the <
the part of <p contributed by -(d^///dz')w in Vl would
belong to the family of eigensolutions for </>7 .

In choosing <pp
H, one notes that the singular behavior of </>/

is dominated by the first member of <pp in Eq. (8) as
2ma' ( d a ' / d y ' ) d W / d £ at the leading edge and 2m' (dbf

lby')bWlb$ at the trailing edge. For cases wherein the
camber slope is nowhere infinite, it suffices to take

' —— <t>0+2m(c')'/2E — -b'R.P.oy ay

(10a)

where E is the coefficient in d<j>0/dx' ~E(b' — x ' ) l / 2 . For the
case with infinite camber slopes at the edges, the prescription
is

~oy -oy (lOb)

where <t>oE is a solution of the </>0 type, with its x' derivative
tending to d<t>0/dxf at LE and vanishing no less rapidly than
(bf — x') at TE; <I>1E is similar, with superscript LE replaced
by TE and a' by b'. An important example for this case is
logarithmically infinite cambers supporting finite pressure
jumps at the edges.

In terms of the pressure coefficient C'p based on the
dynamic pressure of the component flow, the pressure jump
across the wing can be obtained from

- 2mx ' t (t>0 + ——
by bx dx (11)

The span loading is px U times the potential jump at the
trailing edge at the y (spanwise) station and can be computed
from the jumps in 00, <p, and VP

H at the trailing edge at the
corresponding^' station; in normalized form

= 4bc0S~IecosA [ </>0 + A,'7 (<? + <?&] TE (12)

In the outer limit If I -*oo, the inner solution becomes

If I

——

(13)

O vwhere U0 stands for J <t>o ] TE » and n (>> ' )= n0 (>>')
+ <P//];rc-

Outer Problem and Matching
In the flow region removed from the wing sections, the

spatial variation is scaled by b, and the solution may be
represented to the leading order by concentrated vortices with
circulation T0 (y) bounded to the centerline together with the
trailing vortex sheet. The perturbation potential for this outer
problem is then $ = $0 + ̂ R/~7 $/ 4-..., with

x —

In approaching the centerline, $0 can be expanded for small
%=x — my and z\ through transformation Eqs. (1) and ob-
serving that T 0 ( y ) = r?0>'cosA) -2m^1xfdT0/dyf; this
inner limit can be obtained as

\tan~1 ( — } + ̂

If I

(15a)

where £ (y) is the upwash function in y (not y')

£00 s - (27r)

[ 1-y (7 + sinA)2

1+y cos2 A

i-y2

cos2 A

-' J _ ^ ——l _ °——[7-sinA.sgn(y7-.y)]<!>>,

(15b)

where T^y) =dT0/dy. Equations (13) and (15) are valid
expansions in yRy~7 in the common domain l < l f l < ^ 7 ,
where the inner and outer solutions are matched, after making
the identifications

0 (y'cosA) =U0 ( y ' ) t V<?=2L (y) (16)

The upwash correction, hence, the inner solution to the order
yRy~ l , is now determined.

Comparisons with Other Solutions
In the following, comparisons are made of the present

analysis with exact solutions derived from an inverse method
and with results from a panel method.
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Uniformly Loaded Oblique Wings
Wing upwash (slope) supporting a given lift distribution

can be determined with relative ease; for a uniform
distribution, the task reduces to evaluating a line integral.
Upwash calculation has been made for several planforms with
uniform load in this manner to furnish a basis for assessing
the theory. Using the upwash data as input, [[ C'P1 are
computed by the present theory and then compared to the
exact (uniform) load. This provides a test of the theory as a
direct method. Of all examples considered with
yR0 = 2£/C0 = 10 to 40 and A = 0 to 45 deg, a useful feature is
that, over most parts of the wing, the upwash can be very
closely represented by (with c' = b' — a' )

(17)
x -a

where B and C are generally small and decrease with in-
creasing aspect ratio. This fact is utilized to expedite to the
d CpJ computation. Figure 2 presents chordwise lift

distributions at several spanwise stations computed from such
an upwash over a 20:1 elliptic planform at 26.6 deg yaw, for
which the exact - [[ C^] has a normalized value unity. Good
agreement with the exact value (unity) is seen at the inboard
spanwise stations, with maximum error occurring near LE of
less than 3%. This represents a great improvement over the
strip theory (not shown) which has an error of typically 6 to
18%. Near the tips (\y'/t\-*l), the lifting-line solution
deteriorates, as expected. At the 80% station (dash curves),
signs of breakdown appear near the LE, which are partly
caused by inadequacy of curve fitting based on Eq. (17) near
the tip. However, the span loading (not shown) appears to
remain satisfactory even at the 80% span station. Other
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Fig. 2 Comparison of present theory with exact solution in chord-
wise lift distribution at various span stations. The lifting surface has a
20:1 elliptic planform at 26.6 deg yaw; exact solution is - [ Cp ] =1.

o NASA AMES PANEL
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-uo
Fig. 3 Span loading of an elliptic flat plate with a ratio of unyawed
span to root-chord 16.78 and a straight 40% chord line at 45 deg yaw.

examples with lower aspect ratio (yR7 = 10), a larger sweep
(A = 45 deg), as well as nonuniform lift distributions, have
been studied; except for a slightly large discrepancy near the
tips, similar conclusions can be drawn for those cases.

Oblique Flat Wings
Vortex-lattice and wing-panel methods have proven

adequate in many linear lifting-surface problems,7-8 but their
application to oblique wings does not appear to exist in the
literature. The data by panel method used in the following
comparison (provided by R. Smith) are generated from a
computer program developed at NASA Ames Research
Center, based on an extension of Woodward's method ap-
plied originally to symmetric planforms.8 Figure 3 presents a
comparison in span loading for an elliptic flat-plate wing of
flH0 = 16.78 with a straight 40% chord line at 45 deg yaw. For
elliptic flat plates, the theory gives a span loading in terms of
elementary functions

sinA

jY^2(1 * \ smA ^7—

- Ui(8&^l-y2) - (l-2k)

l7 + sinAl-(7-sinA)^ IcosAl]]

^sin~7^

(18)

where a is the angle of attack, k is the straight-axis location in
fraction of chord. As clearly shown, the difference between
the present theory (solid line) and the panel method (open
circles) is small at most stations as compred to either of their
differences from the (uncorrected) strip theory (dashed line).
Good agreement with the panel method is also found in a
comparison made for an ESP (extended-span-planform)
wing5'9 (not shown).
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